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An unextendible product basis (UPB) is a set of orthogonal product states which span a subspace
of a given Hilbert space while the complementary subspace contains no product state. These product
bases are useful to produce bound entangled (BE) states. In this work we consider reducible and
irreducible UPBs of maximum size, which can produce BE states of minimum rank. From a reducible
UPB, it is possible to eliminate one or more states locally, keeping the post-measurement states
orthogonal. On the other hand, for an irreducible UPB, the above is not possible. Particularly, the
UPBs of the present size are important as they might be useful to produce BE states, having ranks
of the widest variety, which satisfy the range criterion. Here we talk about such BE states. We also
provide other types of BE states and analyze certain properties of the states. Some of the present BE
states are associated with the tile structures. Furthermore, we provide different UPBs corresponding
to the present BE states of minimum rank and discuss important properties of the UPBs.
I. INTRODUCTION
Quantum entanglement [1, 2] is regarded as a valu-
able resource for its application in quantum cryptogra-
phy [3], superdense coding [4], quantum teleportation
[5], etc. In these protocols, to get the maximum ad-
vantage, we often talk about the usage of pure maxi-
mally entangled states in the bipartite settings. But in
a practical situation, it is never possible to avoid noise
which results mixed entangled states. Therefore, one
has to follow certain procedures to distill pure state en-
tanglement from mixed entangled states [6–8] by the
allowed class of operations, i.e., local operations and
classical communication (LOCC). We note here that it
is not always possible to extract entanglement in pure
form by applying distillation procedures to any mixed
entangled state. This is because there are bound entan-
gled (BE) states [9, 10]. Clearly, such entangled states
are mixed states from which it is not possible to get
any pure entangled state via LOCC. This is true even
though many copies of a BE state are available.
We now consider that a bipartite quantum system is
given and the associating Hilbert space is H = Cd1 ⊗
Cd2 . If it is possible to compute negative eigenvalues by
taking partial transpose of the state of that system then
it guarantees that the state of the system is entangled
(or inseparable) [11]. This is also a necessary condi-
tion for inseparability when d1d2 ≤ 6 [12]. But when
d1d2 > 6, it is not always easy to conclude if the state
is separable or entangled. This is due to some bipar-
tite entangled states which remain positive under par-
tial transpose (PPT) [9]. It is known that if a bipartite
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entangled state remains PPT then the state is a BE state
[10]. In this context, we mention that bipartite BE states
with negative partial transpose may exist (conjectured)
but it is an open problem till date [13–15]. However, in
this work we restrict ourselves to the BE states which
are PPT (for a multipartite system, PPT across every bi-
partition). Here we say these states as PPT entangled
states or simply the BE states.
A common technique, to detect the entanglement of
a bipartite PPT entangled state, is to find a suitable
indecomposable map which is positive but not com-
pletely positive, for example, the Choi map [16]. Ap-
plying such a map to a bipartite PPT entangled state,
it is possible to compute negative eigenvalue(s) which
guarantees the inseparability of the given state. Nev-
ertheless, for any bipartite PPT entangled state, there
is no universal way to form a suitable positive but not
completely positive indecomposable map which detect
the entanglement of the state. Due to such a complex-
ity, it is important to find new classes of BE states. We
also remember here that starting from a positive but
not completely positive indecomposable map, it is pos-
sible to constitute Hermitian operators which can wit-
ness bound entanglement [17, 18].
In Ref. [9], to prove the inseparability of some PPT
entangled states, the range criterion was introduced.
According to this criterion, for any bipartite separa-
ble state ρ, it is possible to find bipartite product states
{|ai〉 |bi〉}i which span the support of ρ while the states
{|ai〉 |bi∗〉}i span the support of ρT. Here T stands for
partial transpose (PT) with respect to the second sub-
system and ∗ stands for the complex conjugation oper-
ation in a particular basis with respect to which PT is
taken. If the state of a given quantum system, violets
the range criterion, then the state is an entangled state.
Obviously, for any Hilbert space the full-rank states al-
ways satisfy the range criterion. Interestingly, there also
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2exist low-rank PPT entangled states which can satisfy
the range criterion [19, 20]. For PPT entangled states,
it is anyway difficult to detect the entanglement. In-
creasing this complexity, we now have some low-rank
PPT entangled states which can satisfy the range cri-
terion. Clearly, detection of entanglement within these
states, is a very difficult task. Hence, it is very impor-
tant to explore different techniques to constitute such
states having the lowest rank to full rank.
BE states can be constructed efficiently by using the
notion of unextendible product basis (UPB) which was
introduced in Ref. [21]. For a given Hilbert space H
= Cd1 ⊗ Cd2 ⊗ · · · ⊗ Cdm , we consider a set S of pure
orthogonal product states {|θi〉}Ni=1 (here the states are
fully separable). Suppose, these states span a subspace
HS of the Hilbert space H. Now, the states of the set S
form an unextendible product basis if the complemen-
tary subspace HE is a completely entangled subspace,
i.e., it does not contain any product state.1 The BE state
due to the UPB is given as $ = (1/N′)(I−∑Ni=1 |θi〉 〈θi|),
N′ is the dimension of HE and I is the identity operator
acting on H. It is known that for a bipartite system if
one of the subsystems is of dimension two then it is not
possible to construct any UPB in the associating Hilbert
space [21, 22].
UPBs are studied not only for PPT entangled states.
It is also known that the states within a UPB cannot
be perfectly distinguished by LOCC [21–23]. There-
fore, UPBs show the phenomenon–quantum nonlocal-
ity without entanglement [24]. Again, the UPB gener-
ated PPT entangled states are supported in the com-
pletely entangled subspaces (normalized projector onto
the complementary subspace HE). This implies that the
UPB generated PPT entangled states are the so-called
edge states2 which violate the range criterion in an ex-
treme manner [17, 18]. Now, starting from these edge
states, sometimes it is possible to construct PPT entan-
gled states which satisfy the range criterion (for bipar-
tite systems see Refs. [19, 20]).
The present work focuses on the UPBs of maximum
size which can produce BE states of minimum rank.
In fact, there are bipartite BE states of minimum rank,
which can be produced from tile structures. We also
discuss about the (in)distinguishability properties of
UPBs under LOCC. There are many articles where the
authors have discussed about the minimum cardinality3
1 In a given Hilbert space, for a complete orthogonal product basis
also, it is not possible to find another product state which is or-
thogonal to all the states of the considered basis. But in this case
the dimension of the completely entangled subspace is zero which
is not desired here. Therefore, we exclude those bases from the set
of unextendible product bases.
2 For a bipartite system, an edge state is a PPT entangled state from
which no separable projector of rank-1 can be subtracted (with a
small proportion) preserving both, positivity and PPT [17, 18].
3 The cardinality (or the size) of a UPB is nothing but the number of
states present in a UPB.
of UPBs (see Ref. [25] and the references therein). This
is important as it gives the idea of small sets of LOCC
indistinguishable product states. But the UPBs of max-
imum size are also important as they help to generate
a class of noisy bound entangled states having ranks
of the widest variety. These states are noisy, in a sense
that, such a state can be written as a convex combina-
tion of a separable state (noise) and an edge state. Here
the separable states are produced by taking the con-
vex combination of the pure orthogonal product states
from the given UPB. Furthermore, the noisy BE states
may satisfy the range criterion.
The study of noisy bound entangled states also
gives insight regarding the robustness of entanglement
within the edge states. In this context, we mention
that in Ref. [26], the authors have presented a class of
BE states, entanglement within which is robust against
noise and these states are fit for experimental verifi-
cation. For any BE state, it is difficult to say how to
use the state as resource in quantum information pro-
cessing protocols. However, in certain scenarios, the re-
searchers have shown the usage of particular BE states,
for example, secure key distillation [27–29], quantum
steering [30], quantum nonlocality [31, 32], quantum
metrology [33], etc. These examples clearly depict the
importance of studying BE states.
In this work we talk about noisy BE states which sat-
isfy the range criterion. We also talk about edge states
which are of minimum rank. Some of these BE states
are constructed from tile structures. Then we provide
UPBs of different kinds and study important properties
of the UPBs. Both bipartite and multipartite systems
are considered here. Bipartite systems are explored
in Sec. II and the multipartite systems are explored in
Sec. III. Finally, the conclusion is drawn in Sec. IV.
II. BIPARTITE SYSTEMS
Given a bipartite quantum system, we suppose that
the associating Hilbert space is H = Cd1 ⊗Cd2 ; d1, d2 ≥
3. As of now, we use d1 ⊗ d2 instead of Cd1 ⊗ Cd2 .
We then think of a UPB, the states of which span
a subspace HS of the whole Hilbert space H, where
dimHS < d1d2. It is known that the normalized projec-
tor onto the subspace HE (which is an orthogonal sub-
space to HS), is a BE state [21]. The dimension of HE
is (d1d2 − dimHS) and it is an entangled subspace. The
minimum nonzero dimension of HE in this case can be
four. This is due to the fact that the minimum rank of a
BE state is four. We mention here that in Ref. [34], it was
shown that rank-2 bipartite BE state does not exist and
later in Ref. [35], it was shown that rank-3 bipartite en-
tangled states are distillable. Evidently, the maximum
size of a UPB is (d1d2− 4), which can produce BE states
of minimum rank. The UPBs of the above size may have
a very interesting application: They generate the edge
states of rank-4 and starting from these edge states it
3may possible to construct noisy BE states, having rank-
5 to full rank, which satisfy the range criterion. In fact,
this is the widest variety of ranks, a noisy BE state can
have, because the BE states of minimum rank (rank-4)
are all edge states [36, 37]. Nevertheless, to realize the
construction, we use Theorem 1 of Ref. [20] and apply
it on the real UPBs (the states of which are with real
normalizing coefficients) of size (d1d2 − 4). If one con-
siders real UPBs then the constructions become easier.
This is due to the following facts: (i) the edge states
or the noisy BE states which are produced due to real
UPBs, are invariant under PT, (ii) so, to prove that a
noisy BE state satisfy the range criterion, it is sufficient
to show that there exist sufficient pure product states in
the range of the considered BE state and these product
states span the whole range. We consider, these UPBs
also have the property that if the stopper state (or sim-
ply the stopper) is removed from a UPB, then the rest of
the set can be extended to a full basis by adding other
pairwise orthogonal product states. Hence, by taking
different convex combinations of these UPB generated
edge states and the stopper states, one can get noisy BE
states which satisfy the range criterion [20]. More pre-
cisely, using Theorem 1 of Ref. [20], from the real UPBs
of the above kind, we can construct noisy BE states of
rank-(d1d2−N + 1) to full rank, which satisfy the range
criterion, where N is the size of the real UPBs. Here N
is equal to (d1d2 − 4), which implies the existence of
noisy BE states of rank-5 to full rank, which satisfy the
range criterion. Next, we summarize the above discus-
sion into a proposition:
Proposition 1. Consider a real UPB of size (d1d2 − 4) in
d1 ⊗ d2 and assume that if the stopper is removed then the
remaining states of the UPB, can be extended to a full basis.
Such a UPB is useful to produce noisy BE states, having
ranks of the widest variety, which satisfy the range criterion.
In this work we consider both reducible and ir-
reducible UPBs of size (d1d2 − 4). Definitions of
which can be given as the following. But before we
give the definitions, it is important to understand the
orthogonality-preserving LOCC. Suppose, a set of or-
thogonal states are provided to distinguish. The pro-
cess of discrimination can be a multi-round protocol.
If after each round, the remaining states, to be distin-
guished, remain pairwise orthogonal to each other then
such a LOCC protocol is orthogonality preserving.
Definition 1. Given a UPB, if it is not possible to eliminate
any state from the UPB via orthogonality-preserving LOCC
then the UPB is an irreducible UPB. Again, if it is possible to
eliminate one or more states from the UPB via orthogonality-
preserving LOCC then the UPB is a reducible UPB.
The 3⊗ 3 Hilbert space is a special case as there is no
reducible UPB in this Hilbert space. It is also important
to note here that in 3⊗ 3, in the entangled subspace due
to a UPB, there is only one BE state while it is possible
to get more than one BE states in the entangled sub-
space due to a UPB in d ⊗ d, d is odd [38]. We now
present the following proposition:
Proposition 2. In 3 ⊗ 3, all rank-4 BE states are due to
irreducible UPBs.
Proof. It is known that in 3⊗ 3, all rank-4 BE states are
due to UPBs [36]. Again, there is no reducible UPB in
3⊗ 3. This is because of the following facts: In 3⊗ 3,
there are UPBs of cardinality five (maximum cardinality
in this case) only [22]. Now, if it is possible to eliminate
one or more states from such a UPB by orthogonality-
preserving LOCC then the remaining states (four or-
thogonal product states or less) can always be distin-
guished by LOCC [22]. Thus, a UPB is being distin-
guishable by LOCC but it is known to be impossible
[21–23]. In this way, all rank-4 BE states in 3⊗ 3 are due
to irreducible UPBs.
Apart from 3⊗ 3, in all other bipartite Hilbert spaces
d1 ⊗ d2, d1d2 > 9, d1, d2 ≥ 3, there are reducible UPBs.
This can be realized very easily: We consider the Tiles
UPB in 3⊗ 3 [21], the states of which are given by-
|0〉 |0− 1〉 , |0− 1〉 |2〉 , |2〉 |1− 2〉 , |1− 2〉 |0〉 ,
|0 + 1 + 2〉 |0 + 1 + 2〉 , (1)
where |c1 ± c2 ± · · · ± cn〉 ≡ (|c1〉 ± |c2〉 ± · · · ± |cn〉),
ignoring the normalizing coefficients. [We use such
notations in many places of this paper.] Now, start-
ing from the above UPB one can keep adding sim-
ple pure orthogonal product states to get new UPBs
in higher dimensions. For example, one can add the
states |0〉 |3〉, |1〉 |3〉, |2〉 |3〉 with the above UPB to get a
new UPB in 3⊗ 4. But notice that from the new UPB it
is possible to eliminate the states |0〉 |3〉, |1〉 |3〉, |2〉 |3〉
via orthogonality-preserving LOCC. For such reducible
UPBs, we present the following proposition:
Proposition 3. In d1 ⊗ d2, d1d2 > 9, d1, d2 ≥ 3, for any
rank-4 BE state, it is possible to consider that the state is due
to a reducible UPB.
Proof. All rank-4 BE states are supported in 3⊗ 3 sub-
spaces [37]. Moreover, two-qutrit rank-4 BE states are
due to UPBs [36]. So, such a state can be consid-
ered due to a UPB of that subspace. If it is the case
then the remaining dimension (d1d2 − 9) can be filled
with simple product states which can be eliminated by
orthogonality-preserving LOCC. Thus, we arrive to the
above proposition.
We now move to the discussion of UPBs and BE
states in 3 ⊗ 4. We have provided a tile structure in
Fig. 1. From the tile structure, it is possible to con-
struct a BE state which is supported in 3 ⊗ 3. This
can be done without considering the UPB. We first
think of a complete orthogonal product basis (COPB),
4from which a UPB can be produced. In order to con-
struct the UPB, one can think about the stopper state
|0 + 1 + 2〉 |0 + 1 + 2 + 3〉. Obviously, the stopper state
is not orthogonal to certain states of the COPB. Those
states of the COPB can be found from the tile structure
of Fig. 1. Following Ref. [38], we say the states as ‘miss-
ing states’. These missing states are given by-
|0〉 |0 + 1 + 2〉 , |0 + 1〉 |3〉 , |2〉 |1 + 2 + 3〉 ,
|1 + 2〉 |0〉 , |1〉 |1 + 2〉 . (2)
Taking the linear combination of the above five states, it
is possible to construct four entangled states which are
orthogonal to the stopper state. These entangled states
span a four-dimensional entangled subspace which is
a part of a bigger 3 ⊗ 3 subspace of the entire 3 ⊗ 4
Hilbert space. The 3 ⊗ 3 subspace is spanned by
{|0〉 , |1〉 , |2〉}⊗ {|0〉 , |1 + 2〉 , |3〉}. The normalized pro-
jector onto the four-dimensional entangled subspace is
a BE state of rank-4 because this state has similar struc-
ture like the BE state due to the UPB, given in Eq. (1).
The present rank-4 BE state of 3 ⊗ 4 can be due to a
reducible UPB as mentioned in Proposition 3. Such a
UPB is given as the following:
|0〉 |1− 2〉 , |0〉 (2 |0〉 − |1 + 2〉), |1〉 |1− 2〉 ,
|2〉 |1− 2〉 , |2〉 (|1 + 2〉 − 2 |3〉), |1− 2〉 |0〉 ,
|0− 1〉 |3〉 , |0 + 1 + 2〉 |0 + 1 + 2 + 3〉 .
(3)
Notice that the party who is holding the four-level
system (say, Bob) can perform an orthogonality-
preserving projective measurement to eliminate certain
states. Corresponding projection operators are P1 =
|1− 2〉 〈1− 2| and P2 = I− |1− 2〉 〈1− 2|, where I is
an identity operator acting on a four-level quantum sys-
tem. The proof of the unextendibility of the above states
comes from the following facts: (i) the above states
are orthogonal to each other and they span an eight-
dimensional subspace of the 3 ⊗ 4 Hilbert space, (ii)
the normalized projector onto the rest four-dimensional
subspace is a BE state (as mentioned earlier) which
implies that the range of the BE state must not has
sufficient orthogonal product states to span the four-
dimensional subspace, so, the above states cannot be
extended to a COPB anyway, (iii) if there are one or
more orthogonal product states in the four-dimensional
subspace then adding those states with the above states
can give a UPB, (iv) but BE states cannot have rank < 4.
Thus, the states of the above equation forms a UPB.
The rank-4 BE state which we have constructed here,
can also be due to an irreducible UPB in 3⊗ 4. Such an
irreducible UPB is given as the following:
|0〉 |0− 1〉 , |0〉 (|0 + 1〉 − 2 |2〉), |1〉 |1− 2〉 ,
|2〉 |2− 3〉 , |2〉 (2 |1〉 − |2 + 3〉), |1− 2〉 |0〉 ,
|0− 1〉 |3〉 , |0 + 1 + 2〉 |0 + 1 + 2 + 3〉 .
(4)
                     0              1              2
B
0
1
2
A
3
FIG. 1. A tile structure in 3⊗ 4 Hilbert space.
Following the same argument as given for the UPB of
Eq. (3), it is possible to show that the above states form
a UPB. Again, the proof of irreducibility comes from
the fact that no party is able to begin with a nontrivial
orthogonality-preserving measurement (in this regard
see the Refs. [39, 40]). For Alice (who is holding the
three-level quantum system), any measurement can be
described by a set of 3× 3 positive matrices. It can be
shown that if Alice wants to eliminate any state from
the above UPB keeping the remaining states orthogo-
nal then the positive matrices are proportional to 3× 3
identity matrix. So, the measurement becomes trivial.
For Bob (who is holding the four-level quantum sys-
tem), any measurement can be described by a set of
4 × 4 positive matrices. It can be shown that if Bob
wants to eliminate any state from the above UPB keep-
ing the remaining states orthogonal then the positive
matrices are proportional to 4× 4 identity matrix. So,
the measurement becomes trivial. We next summarize
the above discussion into a proposition:
Proposition 4. In d1 ⊗ d2, d1d2 > 9, d1, d2 ≥ 3, a partic-
ular edge state can be due a reducible UPB, also due to an
irreducible UPB and looking at the bound entangled state, it
may not be possible to conclude if it is due to a reducible UPB
or due to an irreducible UPB.
Notice that both the UPBs (reducible and irreducible)
in 3⊗ 4 can be considered as real UPBs. They also have
the property that if the stopper is removed then the rest
of a UPB can be extended to a complete basis by adding
other orthogonal product states. Hence, starting from
the rank-4 BE state, constructed here, one can construct
noisy BE states, having rank-5 to full rank, which sat-
isfy the range criterion. The details of the construction
procedures can be found in Refs. [19, 20]. Particularly,
in Ref. [19], starting from a fixed real UPB in 3⊗ 3, it
was shown how a class of noisy BE states having rank
≥ 5, can be constructed, which satisfy the range crite-
rion. However, a general statement regarding this can
be given in the following way:
Proposition 5. A two-qutrit BE state, having rank ≥ 5, can
satisfy the range criterion if it has a form, σ = qδsep + (1−
q)δedge, q is a small positive number, δsep = ∑i pi |ϕi〉 〈ϕi|
5is a separable state and δedge = ∑i p′i |ϕ′i〉 〈ϕ′i| is a rank-4
edge state, ∀i |ϕi〉, |ϕ′i〉 are the states with real normalizing
coefficients.
Proof. It is known that the two-qutrit rank-4 bound
entangled states are due to UPBs [36]. So, they are
supported in the entangled subspaces. This implies
that δsep is supported in a subspace which is orthog-
onal to an entangled subspace. δsep has rank r, where
1 ≤ r ≤ 5. The remaining subspace of the given two-
qutrit Hilbert space, where the state σ is not supported,
has the dimension ≤ 4. There, one can think about
pairwise orthogonal product states which span the re-
maining subspace of dimension ≤ 4. Again, it is also
known that for a bipartite system, any four pure orthog-
onal product states (or less number of such states) can
always be extended to a COPB [22]. So, the range of σ
is being spanned by a set of product states which is suf-
ficient to prove that σ satisfies the range criterion.
The above proposition is particularly important be-
cause there exist two-qutrit BE states which have rank
greater than 4 and can violet the range criterion [41]. In-
terestingly, in 3⊗ 4, there is only one type of reducible
UPB and that is the UPBs of size eight. Actually, to con-
struct a reducible UPB, one has to choose a subspace of
the given Hilbert space first and then can think about
a UPB in that subspace. Thereafter, with that subspace
UPB, one has to add few simple product states. So,
the size of the reducible UPB in a given Hilbert space
is dependent on the different sizes of the UPBs of the
considered subspace. In case of 3⊗ 4 Hilbert space, one
can think about a two-qutrit subspace. It is also known
that there is only one type of UPBs in 3⊗ 3 and that is
the UPBs of size five. So, with such a UPB of size five
in the two-qutrit subspace, one has to add another three
pure orthogonal product states to produce a new UPB
in 3⊗ 4. The new UPB is of size eight and the prod-
uct states which are not included in the subspace UPB
can be eliminated via orthogonality-preserving LOCC.
If we go beyond 3⊗ 4, then there are reducible UPBs of
different sizes. Unlike Proposition 4, in 3⊗ 4 if a UPB
generated edge state is given, whose rank is greater
than 4, then obviously, the state is due to an irreducible
UPB. We again go back to the discussion of noisy BE
states and present the following proposition:
Proposition 6. Consider a rank-5 BE state which has a form,
σ = pδsep + (1− p)δedge, p is a small positive number, δsep
is a separable state and δedge is a rank-4 edge state. If the
state σ satisfies the range criterion then it must be supported
in a two-qutrit subspace.
Proof. Any Rank-4 BE state is supported in an entangled
subspace of a two-qutrit Hilbert space [37]. Now, in the
above it is considered that σ is a rank-5 state while δedge
is a rank-4 state. Therefore, δsep can be a rank-1 sepa-
rable state which is orthogonal to δedge. Now, we con-
sider a bigger Hilbert space and we suppose that δsep is
not supported in the two-qutrit subspace in which δedge
is. So, the five-dimensional subspace, where σ is sup-
ported, must have deficit of product states. It implies
that σ must not satisfy the range criterion. Clearly, if σ
satisfies the range criterion then δsep must belong to the
two-qutrit subspace where δedge is supported. Hence, it
is proved that the rank-5 state σ must be supported in
the two-qutrit subspace.
In Ref. [19], the authors used a particular reducible
UPB, to construct low-rank noisy BE states which sat-
isfy the range criterion. It is also possible to explore
noisy BE states due to reducible UPBs which are max-
imally robust in certain directions [20]. Furthermore,
in the present paper we use rank-4 BE states in sev-
eral places to produce noisy BE states, having rank-5
to full rank, which satisfy the range criterion. So, it is
important to provide protocols to produce rank-4 BE
states or reducible UPBs. We first give a protocol to
construct rank-4 BE states which are supported in dif-
ferent 3⊗ 3 subspaces of a bigger bipartite Hilbert space
(d1 ⊗ d2). Thereafter, we construct a class of reducible
UPBs in d1⊗ d2. All these UPBs have the size (d1d2− 4)
and they can be considered as real UPBs. Respect to
the reducible UPBs of Ref. [19], the present UPBs are
important because they help to explore different two-
qutrit entangled subspaces of a bigger d1 ⊗ d2 Hilbert
space. For the present purpose, we now consider the
tile structure, given in Fig. 2.
                     0                   g  (g+1)           h  (h+1)       (d2-1) 
B
0
A
s
(s+1)
t
(t+1)
(d1-1)
FIG. 2. A tile structure in d1 ⊗ d2 Hilbert space.
Consider the following states first:
|φa0〉 = |0 + 1 + · · ·+ s〉 ,
|φa1〉 = |(s + 1) + (s + 2) + · · ·+ t〉 ,
|φa2〉 = |(t + 1) + (t + 2) + · · ·+ (d1 − 1)〉 ,
|φb0〉 = |0 + 1 + · · ·+ g〉 ,
|φb1〉 = |(g + 1) + (g + 2) + · · ·+ h〉 ,
|φb2〉 = |(h + 1) + (h + 2) + · · ·+ (d2 − 1)〉 .
(5)
In the above we can consider 0 ≤ s ≤ (d1 − 3), and
if s = 0, then |φa0〉 = |0〉. Again, if (d1 − 1− s) = 2,
6then (s + 1) = t, (t + 1) = (d1 − 1), which implies
|φa1〉 = |d1 − 2〉 and |φa2〉 = |d1 − 1〉. But remember that
t is strictly less than (d1 − 1). In the similar way, we
define 1 ≤ h ≤ (d2 − 2). If h = 1 then g = 0 and
(g + 1) = h which implies |φb0〉 = |0〉 and |φb1〉 = |1〉.
Also remember that g is strictly less than h. Again, if
h = (d2 − 2) then (h + 1) = (d2 − 1) which implies
|φb2〉 = |d2 − 1〉. Now, look at the above tile structure
and consider any COPB which fits in the tile structure.
In order to construct a UPB, we can consider a stopper
state |s〉 = |0 + 1 + · · ·+ d1〉 |0 + 1 + · · ·+ d2〉. Due to
the use of the stopper state, few states of the COPB be-
come nonorthogonal to the stopper state. Such states
are missing states as defined earlier. The missing states
are given by-
|ψ1〉 = |φ˜a0〉 |φ˜b0 + φ˜b1〉 , |ψ2〉 = |φ˜a0 + φ˜a1〉 |φ˜b2〉 ,
|ψ3〉 = |φ˜a2〉 |φ˜b1 + φ˜b2〉 , |ψ4〉 = |φ˜a1 + φ˜a2〉 |φ˜b0〉 ,
|ψ5〉 = |φ˜a1〉 |φ˜b1〉 ,
(6)
where |φ˜ai 〉 and |φ˜bi 〉 are the normalized versions of
|φai 〉 and |φbi 〉 respectively. Using the above product
states it is possible to construct four entangled states
which are orthogonal to the stopper state. Then the
normalized projector onto the subspace, spanned by
those entangled states is a rank-4 BE state supported in
a two-qutrit subspace of d1 ⊗ d2 Hilbert space. In fact,
these type of rank-4 BE states have the similar structure
as that of Bennett et al. in 3 ⊗ 3 [the BE state which
is due to the UPB, given in Eq. (1)]. Here the two-
qutrit Hilbert space is spanned by {|φ˜a0〉 , |φ˜a1〉 , |φ˜a2〉} ⊗
{|φ˜b0〉 , |φ˜b1〉 , |φ˜b2〉}. These BE states are special as all
these states are extreme points of the convex compact
set of states with PPT [36, 38]. Starting from such states
it is possible to construct low-rank BE states which sat-
isfy the range criterion. Moreover, such states can be
due to reducible UPBs when d1d2 > 9 (by Proposition
3). To realize those UPBs we consider the following:
|ψ′1〉 = |φ˜a0〉 |φ˜b0 − φ˜b1〉 , |ψ′2〉 = |φ˜a0 − φ˜a1〉 |φ˜b2〉 ,
|ψ′3〉 = |φ˜a2〉 |φ˜b1 − φ˜b2〉 , |ψ′4〉 = |φ˜a1 − φ˜a2〉 |φ˜b0〉 ,
|s′〉 = |φ˜a0 + φ˜a1 + φ˜a2〉 |φ˜b0 + φ˜b1 + φ˜b2〉 .
(7)
Clearly, the above states form a UPB in a two-qutrit
subspace as it has a similar form of the UPB by Ben-
nett et al. in 3 ⊗ 3, see Eq. (1). Now, to extend that
to a UPB in d1 ⊗ d2, one can consider simple product
states which can be eliminated by some orthogonality-
preserving LOCC. In order to realize these product
states, one should consider first the states |Φaj 〉 and
|Φbj 〉 which are orthogonal to |φ˜ai 〉 and |φ˜bi 〉 respectively
∀i = 0, 1, 2. We then consider the following orthogonal
states: {|Φaj 〉 |φ˜bi 〉, |φ˜ai 〉 |Φbj 〉, |Φaj 〉 |Φbj′〉}. These states to-
gether with the states of the above equation form a class
of reducible UPBs of size (d1d2 − 4). Starting from the
present rank-4 BE states, one can construct the noisy BE
states which can satisfy the range criterion. To construct
such states one can take the convex combination of a
rank-4 BE state and a separable state. Again, the sepa-
rable states are produced by taking the convex combi-
nation of pure product states chosen from the present
UPBs (for details see Refs. [19, 20]). However, we next
consider certain multipartite systems and discuss dif-
ferent constructions and properties of those systems.
III. MULTIPARTITE SYSTEMS
In this section we start with the three-qubit systems
and prove the following proposition first:
Proposition 7. All UPBs are irreducible UPBs for any
three-qubit system.
Proof. It has been shown that for any three-qubit sys-
tem, all UPBs are of size four [42]. The proof of which
is based on the fact that for three qubits, mixed states up
to certain ranks are separable [43]. Furthermore, any set
of three or less number of multipartite pure orthogonal
fully separable states can be extended to a complete ba-
sis [22]. Hence, we arrive to the above proposition.
For all other multipartite systems, it is possible to
construct reducible UPBs following the same argument
as given for the bipartite systems. Remember that
the minimum rank of a multipartite BE state can be 4
and these rank-4 multipartite BE states are supported
in three-qubit completely entangled subspaces4 (CES)
[37]. Using these facts, one can conclude that the maxi-
mum size of a multipartite UPB is (D − 4), which pro-
duce multipartite BE states of minimum rank, while
D = d1d2 . . . dm is the total dimension of a multipartite
Hilbert space, H = Cd1 ⊗Cd2 ⊗ · · · ⊗Cdm (as of now, we
only use d1⊗ d2⊗ · · · ⊗ dm instead of Cd1 ⊗Cd2 ⊗ · · · ⊗
Cdm ). Starting from a multipartite real UPB (the states
of which are with real normalizing coefficients) of size
(D − 4), it is also possible to define a class of multipar-
tite noisy BE states, having ranks of the widest variety,
which satisfy the multipartite range criterion. In the
following we show explicit constructions of those BE
states. Note that in this section we only talk about mul-
tipartite systems and thus, by BE states, range criterion,
edge states, UPBs etc., we mean these things for multi-
partite systems only. We mention here that the defini-
tion of multipartite edge states and the range criterion
for any multipartite system can be given by following
4 A completely entangled subspace does not contain any pure state
which is separable across every bipartition [44].
7the bipartite arguments (for details see Ref. [45]). For
us, these multipartite definitions become simpler as we
stick to real UPBs to construct noisy BE states.
We start with a three-qubit system and construct
noisy BE states. Subsequently, we prove that the
noisy BE states satisfy the range criterion. Particularly,
for three-qubit systems, we consider a theorem from
Ref. [22], to prove that the noisy BE states satisfy the
range criterion. For the construction, we consider the
well know shift UPB [21, 22] for a three-qubit system.
The UPB is given as the following:
|Ψ1〉 = |0〉 |1〉 |0− 1〉 ,
|Ψ2〉 = |1〉 |0− 1〉 |0〉 ,
|Ψ3〉 = |0− 1〉 |0〉 |1〉 ,
|Ψ4〉 = |0 + 1〉 |0 + 1〉 |0 + 1〉 .
(8)
In the above equation, we avoid the normalizing co-
efficients. The above UPB also has the size (D − 4),
here D is eight. Due to the above UPB, it is possible to
get a three-qubit BE state of rank-4, which is a normal-
ized projector onto a CES. We define the state as ρedge
= (1/4)(I−∑4i=1 |Ψ˜i〉 〈Ψ˜i|), where I is an identity oper-
ator, acting on a three-qubit Hilbert space, and |Ψ˜i〉 is
the normalized version of |Ψi〉, ∀i = 1, . . . , 4. In order
to construct noisy BE states, we consider a fully separa-
ble state (noise) ρsep, which is produced by taking any
convex combination of the states |Ψ˜i〉. Thus, ρsep can
have rank-1 (when ρsep is any state of the Shift UPB)
to full rank (when ρsep is produced by taking convex
combination of all four states of the Shift UPB). Now, a
multipartite noisy BE state is a BE state which can be
written as a convex combination of an edge state and
a fully separable state (noise). So, we define a class of
states, ς(λ) = λρsep + (1 − λ)ρedge, λ is a small posi-
tive number. The inseparability of the states ς(λ) can
be proved by using a particular witness operator given
in Ref. [19]. The structure of those witness operators
are given by W = Π− γI, where Π is a projection op-
erator onto the subspace spanned by the states of the
Shift UPB, the value of γ is fixed by minimizing it over
all three-qubit fully separable states (see Ref. [19] for a
detailed definition), and I is the identity operator, act-
ing on the three-qubit Hilbert space. For the insepa-
rability of the present noisy BE states, we have to take
0 < λ < γ. In this way, we construct three-qubit noisy
BE states, having rank-5 to full rank. This is also the
widest variety of ranks, a noisy BE state can have, be-
cause any rank-4 (minimum rank) BE state is supported
in a CES [37].
The next important question, we want to explore is
whether the noisy BE states, constructed here, satisfy
the range criterion. Remember that the present noisy
BE states are due to a real UPB, so, they must be invari-
ant under PT with respect to every bipartition. There-
fore, to prove that a noisy BE state of the present kind
satisfies the range criterion, it is sufficient to show that
there exist a set of pure product states (here in this sec-
tion such states are separable across every bipartition)
which span the range of the considered noisy BE state.
Note that satisfaction of range criterion is only a neces-
sary condition for separability but not a sufficient con-
dition. To examine the the states ς(λ), we first consider
the rank of ρsep, which is ≤ 4. Then the noisy states
have rank five to full rank and the rest of the dimen-
sion of the three-qubit Hilbert space (where ς(λ) is not
supported) is spanned by three or less number of or-
thogonal pure states which are separable across every
bipartition. Again, it is known that any three (or less)
pure fully separable multipartite states are extendible to
a complete basis in any Hilbert space [22], implying the
fact–the states ς(λ) satisfy the range criterion. However,
one can also apply the technique given in Ref. [20], con-
sidering real UPBs, to produce noisy BE states, having
rank-5 to full rank (ranks of the widest variety), which
satisfy the range criterion. This is important particu-
larly, when the number of parties is more than three
or the dimensions of the subsystems are greater than
two. But in that case, the real UPBs should have the
property–if the stopper is removed than the rest of a
UPB can be extended to a full basis.
Like Proposition 4, for multipartite systems also, one
can show that a particular edge state can be due to a
reducible UPB and also due to an irreducible UPB when
D > 8. This can be realized via simple constructions. In
2⊗ 2⊗ 3, we consider a reducible UPB first. The states
of which are given by-
|0〉 |1〉 |0− 1〉 , |1〉 |0− 1〉 |0〉 ,
|0− 1〉 |0〉 |1〉 , |0〉 |0± 1〉 |2〉 ,
|1〉 |0± 1〉 |2〉 , |0 + 1〉 |0 + 1〉 |0 + 1〉 .
(9)
Notice that the above UPB is constructed by extend-
ing the Shift UPB to a higher dimension. Clearly, the
party who is holding the three-level quantum system
(say, Charlie) can perform a simple projective measure-
ment to eliminate the states |0〉 |0± 1〉 |2〉, |1〉 |0± 1〉 |2〉,
keeping the remaining states orthogonal. Correspond-
ing projectors are |2〉 〈2|, I − |2〉 〈2|, I is the iden-
tity operator acting on the three-level quantum sys-
tem. We next construct an irreducible UPB in the same
Hilbert space. For this purpose, we consider the states
|1〉 |0− 1〉 |0〉, |1〉 |0− 1〉 |2〉 and taking linear combina-
tions we produce the states |1〉 |0− 1〉 |0± 2〉. The new
UPB is given by-
|0〉 |1〉 |0− 1〉 , |1〉 |0− 1〉 |0± 2〉 ,
|0− 1〉 |0〉 |1〉 , |0〉 |0± 1〉 |2〉 ,
|1〉 |0 + 1〉 |2〉 , |0 + 1〉 |0 + 1〉 |0 + 1〉 .
(10)
In the above, because of the new twisted (on Charlie’s
side) states |1〉 |0− 1〉 |0± 2〉, Charlie is no longer be
8able to eliminate any state via orthogonality-preserving
LOCC. Obviously, the states of both the UPBs span the
same subspace and as a result of which both the UPBs
produce the same edge state. Again, both the UPBs can
be considered as real UPBs of maximum size and thus,
they can be useful to produce noisy BE states which
satisfy the range criterion.
IV. CONCLUSION
In this work we have considered UPBs of size (D− 4)
for both bipartite and multipartite systems, where D is
the total dimension of the corresponding Hilbert space.
We have argued that a UPB of the above size is impor-
tant as they might be useful to generate noisy BE states,
having ranks of the widest variety, which satisfy the
range criterion. Both reducible and irreducible UPBs
are considered in this work and it has been shown that a
particular edge state can be due to a reducible UPB and
also due to an irreducible UPB, where both the UPBs
span the same subspace. We have also given a class of
reducible UPBs in d1 ⊗ d2, having size (d1d2 − 4). Fur-
thermore, we have provided certain irreducible UPBs.
A class of bipartite rank-4 BE states is also constructed
and a few properties of these states are discussed. For
bipartite systems, a few properties of noisy BE states are
studied further. For future studies, one can consider to
develop algorithms to provide irreducible UPBs in dif-
ferent composite Hilbert spaces.
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